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Abstract

The evolutionary histories of viral genomes have re-
ceived significant recent attention due to their importance
in understanding virulence and the corresponding ramifi-
cations to public health. We present a novel framework to
detect reassortment events in influenza based on the com-
parison of two distributions of phylogenetic trees, rather
than a pair of, possibly unreliable, consensus trees. We
show how to detect all high-probability inconsistencies be-
tween two distributions of trees by enumerating maximal
bicliques within a defined incompatibility graph. In the pro-
cess, we give the first quadratic delay algorithm for enumer-
ating maximal bicliques within general bipartite graphs.
We demonstrate the utility of our approach by applying it to
several sets of influenza genomes (both human- and avian-
hosted) and successfully identify all known reassortment
events and a few novel candidate reassortments. In addi-
tion, on simulated datasets, our approach correctly finds
implanted reassortments and rarely detects reassortments
where none were introduced.

1. Introduction

The influenza genome consists of eight disjoint RNA
segments, each functioning as a small chromosome. When
a single host is simultaneously infected with two strains of
the influenza virus, the progeny virus particles may con-
tain a mixture of segments from the two parent strains. It
is believed that the pandemic strains of 1957 and 1968,
for example, arose when such reassortment events incorpo-
rated novel immunogenic genes to which the human popula-
tion had little immunity. Reassortments1 are very common

1Note the distinction from rearrangements; aside from being a funda-
mentally different biological process, rearrangements allow for a portion
of a chromosome to be replaced and are not known to occur in influenza.

within strains hosted by the avian population. Recent work
has shown that reassortment events among human-hosted
strains also play a large role in the inter-pandemic evolution
of the virus, with at least three reassortment events occur-
ring between 1999 and 2004 [6].

Efforts to detect reassortment events among influenza
strains using genomic data have been based on construct-
ing a fixed phylogeny relating each segment of the strains
under study. These trees are then compared to detect dis-
agreements between the trees (Fig 1). This approach has
several limitations. First, such an inspection provides no
quantitative measure of confidence that a putative reassort-
ment is real. Second, it provides no assurance that all reas-
sortments that are present have been found. Third, because
the sequences of thousands of influenza genomes are now
available, with more being sequenced all the time, it has
become prohibitively time-consuming to compare the large
trees by hand. Finally, comparing fixed phylogenies does
not take into account the large amount of uncertainty in es-
timating the evolutionary history of an influenza segment.

Ideally, we want to be able to detect reassortment events
or the lack of them with confidence and despite any un-
certainities in the phylogeny. This is the Achilles heel for
the application of algorithms for comparing fixed gene trees
(e.g. [15, 7, 14, 13, 4, 11]) to reassortment detection. While
these tools provide automated procedures for detecting dis-
agreements between phylogenies they do not take into ac-
count the possibility that putative disagreements may result
from errors and uncertainties within the phylogenetic recon-
struction. Phylogenies are particularly difficult to estimate
for influenza, because although influenza evolves rapidly,
we consider thousands of closely related strains at once,
some of which have been sampled quite close in time. It
is therefore nearly certain that, in practice, any single in-
ferred tree contains errors. While taking a consensus of
trees may eliminate false features, it also reduces the reso-
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Figure 1. Schematic showing the effect of two
reassortment events on a pair of phyloge-
netic trees. Triangles represent subtrees. The taxa
within the shaded subtrees are reassortants: strains
within subtree labeled “b” inherited one segment from
strains at time 1 and another segment from time 2.
Similarly, strains in subtree “e” inherited segments
from strains at times 3 and 4. Note that several re-
assortments may be present within a single data set,
and we would like to find them all.

lution at which we can examine the tree and discards useful
information. Thus, it is important in the case of influenza
that methods for detecting disagreements between evolu-
tionary histories are robust against errors in estimating those
histories.

Another set of tools that are likely candidates for detect-
ing reassortments are those devoted to detectingrecombi-
nation between sequences (e.g. [12, 3, 16]). While, reas-
sortment and recombination are biologically very different
processes they result in similar exchanges of genetic ma-
terial; reassortment can be viewed as a form of rearrang-
ment, where the rearrangement breakpoints only occur at a
small set of locations. In the general rearrangement detec-
tion problem, the multitude of possible breakpoint locations
is the focus of most methods [3] and typically the candi-
date parental sequences and putative recombinants are part
of the input [12, 16]. In the reassortment detection problem,
in contrast, the reassorted taxa are the subject of interest and
specifically here we wish to recover all discernible signals
of reassortment events and the associated sets of resulting
taxa. Further, methods such as the popular four-gamete rule
that are typically used to designate haplotype blocks are not
applicable to viral datasets as the infinite-sites assumption
is typically violated.

In this work, we explore a novel approach specifically
designed for the problem of detecting reassortments in the
presence of uncertain phylogeny. Our approach is based
on comparing weightedsetsS1 andS2 of possible trees,
rather than two fixed phylogenies. The weight of each tree
is assumed to be related to the probability that it is the true
tree. We then ask:

Is there a high-probability set of edges in the
trees ofS1 that are incompatible with a high-
probability set of edges in the trees ofS2?

Such a high-probability disagreement between the sets indi-
cates that it is unlikely that the true trees represent the same
evolutionary history (we make this statement more precise
later), and hence that it is likely that a reassortment of the
segments has occurred. Furthermore, if the above question
is answered in the affirmative we would like to know sets of
taxa that are likely to be the product of such events.

Weighted sets of trees can be readily obtained using
either bootstrap sampling or using Bayesian MCMC ap-
proaches to phylogentic tree reconstruction. Bayesian ap-
proaches are particularly attractive here as they provide an
ensembleof possible trees for each gene or segment with
an associated posterior probability based on the distribu-
tion from which they were sampled. They are also popular
because of their speed and accuracy. Thisdistribution of
trees elegantly captures the uncertainty in phylogenetic re-
construction: if a single tree is heavily weighted, it is more
likely to be the correct one. Interestingly, while tools like
MrBayes [19] and BEAST [5] allow us to easily sample
from a distribution of trees, in many contexts, subsequent
analysis is often restricted to just using the consensus tree.

In this paper, we present a novel approach to uncov-
ering reassortments by finding high-probability disagree-
ments between distributions of trees, rather than just con-
sensus trees. We do this by recasting the problem as one
of finding maximal bicliques [2, 9, 10] within a bipartite
graph such that the weights of the node sets (defined later)
of the bicliques are sufficiently high. As part of this work,
we show that the maximum biclique problem is NP-hard
even when restricted to the incompatibility graphs that are
of interest to us. We also show that there is no polyno-
mial delay algorithm (i.e. one that uses polynomial time be-
tween successive instances in an enumeration) to enumerate
all “high-weight” maximal biclique unlessP = NP . This
hardness result holds for general biparitate graphs, outside
the context of comparing phylogenetic trees. Despite this
theoretical difficulty, we give the first quadratic delay algo-
rithm to enumerate all maximal bicliques (without the re-
striction to “high-weight” bicliques). In addition, the algo-
rithm introduces a heuristic that speeds up the enumeration
of high-weight maximal bicliques in practice. Maximal bi-
clique enumeration has been used in several other contexts
as well, and thus our methods are of independent interest
outside of detecting reassortments. For example, Li et al. [9]
discuss the application of maximal biclique enumeration to
problems such as mining closed pattern sets, listing web
communities and studying protein interaction networks. In
Section 4.2 we discuss how the bicliques can be used to dis-
cover candidate sets of taxa resulting from a reassortment
event. Finally, in Section 5 we present computational re-
sults on both real and simulated datasets demonstrating the
usefulness of our approach for automatically detecting sets
of reassortant taxa with high fidelity.



2. Problem Formulation

We restrict our attention to considering only two seg-
ments at a time that we call segment 1 and segment 2. In-
dependent results from all pairs of the 8 influenza segments
can be combined as a post-processing step to get a com-
plete history of reassortments. In order to capture the un-
certainty in the phylogenetic reconstruction, the input is as-
sumed to be two collectionsS1 = {T 1

1 , T 1
2 , . . . , T 1

s1
} and

S2 = {T 2
1 , T 2

2 , . . . , T 2
s2
} of trees where the trees ofS1 rep-

resent the possible histories of one segment while those of
S2 represent the possible histories of the other. The trees all
relate the same set of taxa (leaves). Each tree is associated
with a probabilitypi(T i

j ), indicating the chance that it is the
correct tree for its segment. Bayesian MCMC approaches
to phylogenetic reconstruction will directly produce such
collections of trees and their probabilities. We wish to find
all high-probability incongruencies between these two col-
lections of phylogeniesS1 andS2 and we do this by: 1)
building a bipartite graph on nodes that represent the edges
in the trees and 2) enumerating all maximal bicliques in the
graph that satisfy certain conditions. We present the details
in the following subsections.

2.1. Reduction to Maximal Biclique

To detect incongruencies between phylogenies we rely
on the following well-known observation: every edge(u, v)
in a tree divides the taxa into two disjoint sets — those
within the clade rooted at nodeu and those outside of that
clade. Such a bipartition is called asplit, and we denote
such a split byX|Y , whereX andY are nonempty, disjoint
sets of taxa such thatX ∪ Y is the complete set of taxa.

Definition 1 (Incompatible splits) Two splitsX1|Y1 and
X2|Y2 are incompatibleif all four intersectionsX1 ∩ X2,
X1 ∩ Y2, Y1 ∩X2, andY1 ∩ Y2 are non-empty.

It is easy to see that two incompatible splits cannot be
in the same tree and conversely, every tree can be thought
of as a collection of compatible splits. Letsplits(T ) be the
set of splits that make up treeT . Two treesT andT ′ are
incompatibleif there is a splitX1|Y1 ∈ splits(T ) that is
incompatible with some splitX2|Y2 ∈ splits(T ′).

Generalizing this, given two ensemblesS1, S2 of trees
that we want to compare, we can construct a bipartite in-
compatibility graph where vertices on the “left” side cor-
respond to splits seen in some tree ofS1 and those on the
“right” correspond to splits in some tree ofS2. Edges con-
nect incompatible splits (Fig. 2). More formally:

Definition 2 (Incompatibility graph) Given two setsS1

andS2 of trees, theincompatibility graphbetweenS1 and
S2 is the bipartite graphB(S1,S2) = (V1 ∪ V2, E) such

Splits 

in S1 

Sampled

trees in S1

N

w(N)

Sampled

trees in S2

Splits 

in S2 

B(S1,S2)

Figure 2. Incompatibility graph B(S1,S2) and
the computation of weights for sets of nodes.
The circles and the edges between them make up the
incompatibility graph. Circles represent splits that oc-
cur in some tree ofS1 (left) orS2 (right). Solid edges
connect incompatible splits. Shaded boxes represent
sampled trees. The varying sizes of the boxes indi-
cate varying probabilities associated with each tree.
Dashed lines indicate which splits belong to which
trees. The weight of a node setN on one side of
B(S1,S2) is given by the sum of the probabilities of
the trees that contain some split inN .

that, for i ∈ {1, 2}, Vi =
⋃

T∈Si
splits(T ) and E =

{(u, v) : split u ∈ V1 is incompatible with splitv ∈ V2}.

As part of the input we assume that each tree in the given
ensembles (T ∈ Si for i ∈ {1, 2}) is associated with a prob-
ability pi(T ) = Pr[T = truei], wheretruei is the “true”
evolutionary tree. Such probabilities are readily computed
from Bayesian MCMC estimators that are used to generate
the ensembles of trees. Typically, because of uncertainty in
phylogenetic reconstruction,pi(T ) is low for every tree in
each ensemble. However, we can use these probabilities to
assign a probability (which we also refer to asweight), to
any subset of nodes representing splits of a single ensem-
ble (i.e. those contained on one side of the incompatibility
graph).

Definition 3 (Weights for node sets)Theweightof a node
setNi ⊆ Vi (i ∈ {1, 2}) is given by

w(Ni) = Pr[splits(truei) ∩Ni 6= ∅] =∑
T∈Si : splits(T )∩Ni 6=∅

pi(T ). (1)

In other words,w(N) is an estimate of the probability
that the true tree contains some split from the setN (Fig. 2).
Programs such as MrBayes will outputw(N) directly when
N is a singleton set containing only one split as the esti-
mate for the support for a given split. The definition above
extends this to sets of splits of size> 1.
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Figure 3. A simple example showing the ne-
cessity of considering bicliques. Any single
edge suffices to show an incompatibility with prob-
ability < 0.5. Assumingu1 andv1 are incompatible
andu2 andv2 are incompatible, then this 4-node bi-
clique indicates an incompatibility between the true
trees with at least probability0.982. If even a sin-
gle edge were missing above, then there would be a
compatible choice of splits, and the trees would not
necessarily be incompatible.

A bicliqueof a bipartite graphB = (V1∪V2, E) is given
by a pair of subsets of nodes(V ′

1 , V ′
2) such thatV ′

i ⊆ Vi and
such that an edge exists inB for every pair(u, v) ∈ V ′

1×V ′
2 .

A biclique is maximal if no nodes can be added to it to
make a larger biclique. In the context of the incompatibility
graph between two sets of trees, maximal bicliques repre-
sent the largest sets of mutually incompatible choices for
splits. If w(V ′

1) andw(V ′
2) are high, the true tree for seg-

menti ∈ {1, 2} is likely to contain a splitui from the set
V ′

i . But becauseV ′
1 ∪ V ′

2 is a biclique, any choices foru1

andu2 will be incompatible. Therefore, it is likely that the
true trees are incompatible. Hence, we can findall likely in-
compatibilities betweenS1 andS2 by finding allt-maximal
bicliques, defined below.

Definition 4 (t-maximal bicliques) A t-maximal biclique
is a maximal biclique(V ′

1 , V ′
2) such thatw(V ′

1) > t and
w(V ′

2) > t for 0 < t ≤ 1.

If a t-maximal biclique exists then the probability that the
two true trees are incompatible is at leastt2.

Figure 3 gives an example of a biclique of mutually in-
compatible splits that indicates that the trees are almost cer-
tainly incompatible (probability> 0.96), but for which no
single pair of incompatible splits indicates a probability of
more than0.5 that the trees are are incompatible. There-
fore, in order to be sure to identify all incompatibilities, it is
necessary to consider general bicliques rather than simply
single edges within the incompatibility graph. Similarly, a
majority consensus tree would omit both splitsu1 andv1 of
Fig. 3 and so this disagreement may not be apparent.

The following properties of bicliques are useful for
searching for large bicliques: while a node-maximum bi-
clique is not necessarily an edge-maximum one, it is true
that a node-maximal biclique is always edge-maximal as
well, and vice versa. In addition, because the weightsw(N)
defined in (1) imply thatw(N) ≤ w(N ∪ {u}) for anyu,
node-maximal bicliques are also maximal according to ei-

ther the sum or product of the weights of their node sets.
Hence, by finding all node-maximal bicliques, we find the
largest, highest probability sets of splits that are guaranteed
to be incompatible. These sets of incompatible splits imply
that the two segments likely had different evolutionary his-
tories and can be post-processed to uncover which strains
have likely been involved in reassortments (Sec. 4.2). Un-
fortunately, finding high-weight node-maximal bicliques is
computationally difficult.

3. Computational Complexity

We first investigate the computational complexity of
finding maximum and maximal bicliques, when restricted
to our setting of incompatibility graphs generated from en-
sembles of trees. Finding themaximumbiclique within a bi-
partite graph can be easy or hard depending on how cliques
are scored. If we want to maximize the number of nodes
in the biclique then there is a polynomial-time algorithm to
do so [22]. However, if we want to maximize the number
of edges in the biclique, the problem becomes NP-hard [17]
and also hard to approximate within a factor of|V |ε, ε > 0
unlessRP = NP [21].

In our setting, the problem of finding the biclique
(V ′

1 , V ′
2) that maximizes the natural scoring function

w(V ′
1)×w(V ′

2) is a generalization of the maximum edge bi-
clique problem. However, only certain kinds of graphs are
possible – those that can be generated based on the splits in
sets of trees. Unfortunately, the problem is still NP-hard.

Theorem 1 Finding the biclique(V ′
1 , V ′

2) with the largest
scorew(V ′

1) × w(V ′
2) in the incompatibility graph for two

sets of trees,S1 andS2, is NP-hard.

Proof. We reduce from the maximum edge biclique
problem. LetG = (U ∪ V,E) be the bipartite graph in
which we wish to find the maximum edge biclique. We
construct two set of splitsA,B such that foru ∈ U , v ∈ V
and (u, v) ∈ E, a(u) ∈ A, b(v) ∈ B anda(u) andb(v)
are incompatible. Specifically, for eachui ∈ U we add
four taxawu, xu, yu, zu. Let Au be the set{wv, xv, yv, zv :
v ∈ U andv 6= u} that includes all the taxa except those
associated with nodeu. For eachu ∈ U , we create a split
a(u) defined by

a(u) = [Au ∪ {wu, xu}]
∣∣ {yu, zu} (2)

that splits the taxa associated withu and includes all the
other taxa on one side. For everyv ∈ V , defineĒv =⋃

(u,v)/∈E{wu, xu, yu, zu}, which is the set of taxa asso-
ciated with a nodeu ∈ U for which there is no edge



{u, v} ∈ G. We add a splitb(v) to B defined by

b(v) =

Ēv ∪

 ⋃
(u,v)∈E

{wu, yu}

 ∣∣  ⋃
(u,v)∈E

{xu, zu}

 .

(3)
Then a(u) and b(v) are incompatible if there is an edge
{u, v} ∈ G. If there is no such edge, then{yu, zu} is dis-
joint from

⋃
(u,v)∈E{xu, zu}, and therefore the right set of

a(u) is disjoint from the right set ofb(v). By Definition 1,
a(u) andb(u) are compatible, and therefore there is an edge
in the incompatibility graph iff there is an edge inG. Each
split yields a tree to which we assign equal probability. The
reduction is then completed by noting that the score of a
biclique is proportional to the number of its edges.�

While an efficient algorithm to find the maximum bi-
clique would be useful (say, to quickly test for reassort-
ments in the dataset), we really want to enumerateall t-
maximal bicliques in order to find all possible reassortments
within a large set of taxa. Fortunately, enumerating all max-
imal bicliques is possible in time polynomial in the size of
the output (which may be exponential in the size of the in-
put). In fact, there are polynomial delay algorithms that
will always output a new maximal biclique in polynomial
(in size of the input) time [2, 9]. Unfortunately, no such al-
gorithms exist for enumerating thet-maximal bicliques that
we are most interested in:

Theorem 2 There exists no polynomial delay algorithm
for enumeratingt-maximal bicliques in an incompatibility
graph unlessP = NP .

Proof. We prove the theorem by showing that the ex-
istence of such an algorithm will give a polynomial time
algorithm for the balanced biclique problem (largest node
biclique (V ′

1 , V ′
2) where |V ′

1 | = |V ′
2 |) which is known to

be NP-hard [8]. For a given instance of the balanced bi-
clique problem with bipartite graphG = (U ∪ V,E), we
construct the sets of trees as in the proof for Theorem 1.
A t-maximal biclique in the corresponding incompatibil-
ity graph can be coverted into a balanced biclique of size
t by removing nodes, and therefore we can search over
t ∈ [1..min(|V1|, |V2|)] to find the largest balanced biclique
in polynomial time, giving a contradiction unlessP = NP .
This reasoning applies to any bipartite graph, showing that
the problem is hard in general bipartite graphs.�

4. Algorithm for Detecting Reassortments

Notwithstanding the negative computational complexity
results of the previous section, in practice, allt-maximal bi-
cliques can be enumerated within a reasonable amount of
time. We describe our approach below, which is a mod-
ification of the consensus approach for maximal biclique

enumeration described in [2]. If not-maximal bicliques are
detected, this is strong evidence that there has been no reas-
sortment event within the taxa. If somet-maximal bicliques
are found, they must be post-processed in order to reveal the
set of taxa that are the result of a reassortment event.

4.1. Enumerating t-Maximal Bicliques

In order to detectt-maximal bicliques, we extend the
MICA algorithm for enumerating maximal bicliques pro-
posed by Alexe et al. [2]. LetP be the set of all maximal
star subgraphs that have a single vertex inV1. We maintain
a data structureC that stores the maximal bicliques discov-
ered through the current step. The cliques in bothP andC
are represented by only their right subsets (which uniquely
determine their left subsets in a maximal biclique). We
therefore denote a biclique by(♦, V ), where the diamond
indicates the completely determined — but un-computed —
subset ofV1 induced byV . The algorithm for enumerating
t-maximal bicliques is then as follows:

Algorithm 1. List- t-Maximal-Bicliques:

1. PruneP such that for(♦, V ) ∈ P , w(V ) ≥ t.

2. Initially, C containsP .

3. For each pair of bicliquesB′ = (♦, V ′) ∈ P and a
bicliqueB′′ = (♦, V ′′) ∈ C:

(a) Compute a consensus bicliqueB′′′ = (♦, V ′ ∩
V ′′ = V ′′′), which takes the intersection of the
sets on the right side of the bicliques.

(b) If B′′′ is a non-empty biclique that doesn’t occur
in C andw(V ′′′) ≥ t, addB′′′ to C.

4. If new bicliques were added in step 3, repeat step 3 for
the new bicliques.

5. For eachM = (♦, V ) ∈ C, compute U =⋂
n∈V neighbors(n). If w(U) > t output (U, V ) as

a t-maximal biclique.

This algorithm extends the MICA approach [2] in two
important ways. First, it allows for enumeration oft-
maximal bicliques in a more efficient way and the algorithm
has a runtime that is polynomial in the number of bicliques
where the right side satisfies thet threshold but the left side
may not. The check for such bicliques is done in lines 1
and 3(b) of the algorithm. Bicliques that fail these checks
can never be merged with any other biclique to form at-
maximal biclique because the weight function is monotonic
i.e. w(V ) < w(V ∪ {v}) and the formation of a consen-
sus only reduces the size of the right node set. Hence, these
checks do not eliminate anyt-maximal bicliques.



The second refinement that improves the runtime further
is the use of a more efficient data structure for storing the
set of discovered cliquesC. As proposed in [2], theseN
sets can be stored in a sorted list and binary searched in
O(n log N) time (takingn time to do each comparison).
BecauseN = O(2n), searching for a set with this naive
data structure takesO(n2) time. Instead, we use a binary
trie, where each level corresponds to the presence or ab-
sence of a particular node within the set. There are at most
2n such sets, and the tree contains at mostn levels. Test-
ing for the presence of a given set, therefore, takesO(n)
time. This results in a delay ofO(n2) instead of theO(n3)
delay in the MICA algorithm, because we save a factor of
O(log N) = O(n) time. Further, instead ofO(nN) space,
we useO(N) space. Thus, we have shown:

Theorem 3 All maximal bicliques of a bipartite graph can
be enumerated with quadratic delay usingO(N) space,
whereN is the total number of maximal bicliques.

Proof. The proof of correctness for the algorithm is
similar to that in [2]. Due to space constraints we omit it.�

To our knowledge, this is the first quadratic delay algo-
rithm for this problem; the algorithm proposed in [10] re-
quiresO(n3) preprocessing time while the algorithm in [9]
is a cubic delay algorithm.

4.2. Recovering the Reassorted Taxa

The existence of large bicliques in the incompatibility
graph for two segments provides significant evidence for
reassortment events in their history. To probe these events
further, we need to identify the taxa that are likely to be re-
assortants. We can recover some of this information from
the incompatibility graph. LetX|Y andA|B be a pair of
incompatible splits. From the definition of incompatibil-
ity it follows that we can writeX|Y = X ′X ′′|Y ′Y ′′ and
A|B = X ′Y ′|X ′′Y ′′ such thatX ′ ∪X ′′ = X, Y ′ ∪ Y ′′ =
Y . Thus, any pair of incompatible splits define four sets of
taxa, and each of these sets are candidates for the taxa that
have resulted from a reassortment.

Definition 5 (Reassortment candidates)Given incom-
patible splits X ′X ′′|Y ′Y ′′ and X ′Y ′|X ′′Y ′′ the four
reassortment candidatesareX ′, X ′′, Y ′, Y ′′.

Labelling each edge in the incompatibility graph with
these sets we can now ask the question “Are theret-maximal
bicliques where the edges all share at least one label?” In
particular, bicliques that are non-stars (both sides have more
than one node) provide an unambiguous reassortment hy-
pothesis as they can have only one common label:

Theorem 4 Edges of a non-star biclique can share at most
one label. Star bicliques with more than one edge can share
two or four labels.

Proof. Let X = X1|X2, Y = Y1|Y2, Z = Z1|Z2

be three splits such that(X, Y ) and(X, Z) represent two
edges of a star biclique that share a label. Then, without loss
of generality, letX1∩Y1 be the shared label such thatX1∩
Y1 = X1∩Z1. BecauseY1∪Y2 = Z1∪Z2, this implies that
X1∩Y2 = X1∩Z2 (i.e. the edges share two labels). Clearly
if X, Y, Z share one more label then they will share all four
labels. LetW = W1|W2 be another split (X 6= W ) such
that (W,Y ), (W,Z) are edges andX, Y, Z,W represent a
non-star biclique with more than one shared label. Without
loss of generality, let these beA = X1 ∩ Y1 = X1 ∩ Z1

andB = X1 ∩ Y2 = X1 ∩ Z2 and letW1 ∩ Y1 = A. If
W1 ∩ Y2 = B, then this implies thatX1 = W1 and that
X = W . So it must be thatW2 ∩ Y2 = B = W2 ∩ Z2 and
thatW2 ∩ Y1 = W2 ∩ Z1 asY1 ∪ Y2 = Z1 ∪ Z2. So, from
W1 ∩ Y1 = A = W1 ∩ Z1 we get thatY1 = Z1 andY = Z
which also gives a contradiction.�

We exploit Thm. 4 to break the problem into an inde-
pendent subproblem for each possible edge label. For each
edge labelA, we create a subgraph of the incompatibil-
ity graph that contains only edges that are labeled withA.
We search fort-maximal bicliques in each of these sub-
graphs separately and aggregate the discoveredt-maximal
bicliques into a single list. The set of non-star bicliques can
then be used to identify possible sets of taxa with sequences
resulting from a reassortment.

5. Computational Results

We present results on human influenza, avian influenza,
and two artificial data sets (Table 1). For each experiment,
MrBayes [19] was used to construct an ensemble of 1001
candidate trees (GTR model with gamma distributed rate
variation among sites) and their probabilities by sampling
after every 200 iterations (following an MCMC burn-in pe-
riod of 100,000 iterations). We then used an implemen-
tation of the algorithm described above to enumerate all
the t-maximal bicliques, setting the confidence threshold
t = 0.9. Running times to enumeratet-maximal bicliques
were a few seconds for each of the data sets (Table 2), a sub-
stantial improvement over the tens of minutes needed using
the MICA algorithm [2].

5.1. Reassortments in Human Influenza

We considered a set of 259 genomes from human-hosted
H3N2 influenza isolates collected in New York State be-
tween 1998 and 2005 and sequenced by the Influenza
Genome Sequencing Project [1]. These 259 genomes repre-
sent a superset of the genomes analyzed in Holmes et al. [6],
in which several reassortment events were uncovered by vi-
sual inspection of the trees. All 8 segments are available for
each of these isolates, but we focussed on the antigenically



Data set I n1 n2 m

Human NYS 259 832 786 14360
Avian H5N1 35 69 87 831
Mock No Re. 259 365 531 4265
Mock 1 Re. 259 365 481 5338

Table 1. Problem sizes on four influenza data
sets. ColumnI gives the number of influenza iso-
lates considered. Columnsn1, n2, andm give the to-
tal number of nodes (on each side) and edges in the
incompatibility graph. Sizes for only one mock repli-
cate are shown.

Data set Candidates Confirmed Time

Human NYS 19 6 9 sec
Avian H5N1 2 1 2 sec
Mock No Re. 0 0 4 sec
Mock 1 Re. 7 1 5 sec

Table 2. Results. The “Candidates” column lists
the number of sets of taxa supported byt-maximal,
non-star bicliques (t = 0.9). “Confirmed” gives the
number of the candidates that are known or are likely
to be true reassortments. The last column lists the
time taken to enumerate thet-maximal bicliques.

important HA and NA segments. Our analysis revealed 19
sets of taxa that uniquely labelt-maximal bicliques. Of
these sets, three sets exactly match the previously known
reassortment events. While the other sets seem to be associ-
ated with these known events, three more single-isolate sets
reveal interesting hypotheses that deserve further investiga-
tion ({A/New York/105/2002}, {A/New York/177/1999},
{A/New York/289/1998}). We also performed a similar
analysis comparing the NA and PA segments. While no
reassortment events have previously been reported between
these segments, our analysis suggested several likely reas-
sortment sets (in particular{A/New York/135/2002} and
{A/New York/96/2002, A/New York/128/2002}), further
underscoring the utility of automated analysis.

5.2. Reassortments in Avian Influenza

Reassortments are even more common among avian-
hosted influenza. We considered 35 of the avian high-
pathogenic H5N1 avian influenza isolates that were ana-
lyzed in Salzberg et al. [20]. These isolates were collected
in 2005 and 2006 from Europe, the Middle East, northern
Africa, and Vietnam. Previous manual analysis strongly
suggested that one isolate, A/Nigeria/1047-62/2006, was a
reassortment, having derived 4 of its segments from one
strain and 4 from another strain. We again applied the Mr-

Bayes tree sampling to generate ensembles of trees for the
HA and NA segments.

The incompatibility graph contains 831 edges labeled
with 586 candidate taxa sets (as in Definition 5). The known
reassortment is detected: only 2 candidate taxa sets are sup-
ported by a non-star,t-maximal biclique. One of these can-
didate taxa sets, supported by 17t-maximal bicliques, is a
singleton set that contains exactly the previously found re-
assortant A/Nigeria/1047-62/2006. The other set, supported
by a singlet-maximal biclique, consists of 8 Nigerian and
Niger isolates closely related to the strain that donated its
NA segment to A/Nigeria/1047-62/2006.

5.3. Checking on Artificial Datasets

The results above suggest that our methodology can de-
tect known and suspected reassortments in real data (both
avian and human) by producing a small candidate set. To
double check the effectiveness of the method in a setting
where the truth is completely known, we considered two
artificially generated data sets, one in which a single reas-
sortment was implanted and one in which no reassortments
were modeled.

To generate a set of sequences with no reassortments ex-
pected, we built a neighbor-joining tree relating the HA seg-
ments of the isolates considered in Holmes et al. [6]. We
then discarded the sequences and evolved new sequences
along this tree using Seq-Gen [18] using the F84 evolu-
tionary model. As parameters to the evolutionary model,
we used sequence length, background base frequencies, and
transition/transversion (Ti/Tr) ratio estimated from the real
HA sequences. This resulted in a randomized “HA-like”
collection of sequences. We then repeated this process, us-
ing the HA-tree, but choosing the length, background base
frequencies, and Ti/Tr ratio estimated from the real NA se-
quences. This resulted in an “NA-like” collection of se-
quences that evolved with the same relationships as the HA-
like sequences. Hence, we hope to find no reassortments.

Running the detection algorithm resulted in not-
maximal bicliques found, which is the desired result. We
double checked this by repeating the experiment 9 times
with new random instances and got similar results. These
tests underscore the utility of thet-maximal biclique ap-
proach for confidently ruling out reassortments in datasets.

To create a mock-reassortment data set, we generated
a random “HA-like” collection of sequences as described
above following the neighbor-joining tree built on the
Holmes et al. [6] isolates. We then chose an edge at random
and moved the subtree leading from that edge to a different
random place within the tree. In our dataset the randomly
chosen clade happened to define a set of 8 taxa. On this
mock-reassortment tree, we then evolved random sequences
using model parameters estimated from real NA sequences.



This resulted in a set of “NA-like” sequences that should
exhibit a single reassortment relative to HA.

Running the detection algorithm described above re-
sulted in 7 candidate taxa sets supported by non-star,t-
maximal bicliques. One of these 7 sets corresponds ex-
actly to the implanted 8-taxa reassortment. We repeated
this experiment for 6 additional reassortment sets ranging
in size from 14 to 22 taxa and obtained similar results. Note
that while the candidate taxa present possible explanations
for the events represented by thet-maximal bicliques, they
are not necessarily the only explanations. We are currently
working on a statistical test (based on the changes in dis-
tance of putative reassortants from non-reassorted taxa in
the two segments) that could help prune the set of hypothe-
ses further.

6. Discussion

Thet-maximal biclique approach proposed here presents
a rigorous and exact way to findall well-supported dis-
agreements between phylogenetic histories. It is thus a
principled method for handling uncertainty in phyloge-
netic reconstruction and exploits the full power of Bayesian
MCMC sampling approaches, rather than just analyzing a
consensus tree.

As demonstrated by our tests on real and artificial
datasets, the resulting bicliques can be successfully mined
to identify known reassortment events. In fact, in the two
collections of avian and human influenza isolates consid-
ered, thet-maximal biclique approach identifies all the
known reassortments. This provides quantitative support
that these reassortments are in fact real.

The problem of enumerating maximal bicliques is of in-
dependent interest in other areas of bioinformatics and com-
puter science and here we present an efficient quadratic-
delay algorithm based on the consensus approach. It re-
mains an open question whether a quadratic delay algorithm
can be devised that only uses polynomial space.
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