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Optimization in High-Dimensional Space

Smooth and simple landscapes

Relatively easy to find optimum.

Algorithms: Newton’s method; gradient descent.

Random landscapes

Finding optimal solution intractable.

Algorithms: Brute force enumeration.

Rough but correlated landscapes

Difficult to find provably optimum solution.
Fairly effective heuristic methods available.

Algorithms: Simulated annealing; Gibbs sampling.

Success depends on details of landscape.

Difficulties: Local optima.
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Local Multiple Alignment

Simple Version of Problem

Input: N sequence; pattern width W.

Problem: Find “highest-scoring”, ungapped local multiple alignment,
involving one segment of length W from each sequence.

One may score the local alignment in various

. IN
Search space: L ways. Here, we will use BILD scores.

(Gibbs sampling:

Given an alignment, one may easily derive a profile or scoring matrix.

Given a profile, one may easily calculate its likelihoods, implied by various
segments within a sequence.

Gibbs sampling alternates between generating profiles from given alignments,
and sampling alignment positions based on given profile, until “convergence”.

Lawrence, C.E., et al. (1993) Science 262:208-214.



1. Imitialization

Choose random length-W segments from within the input sequences:

MTOPSKTTKLTKDEVDRLISDYQTKODEQAQETLVRVYTNLVDMLAKKY SKGKSFHEDLRQVGMIGLLGAIKRYD
PVVGKSFEAFAIPTIIGEIKRFLRDKTWSVHVPRRIKELGPRIKMAVDQLTTETORSPKVEEIAEFLDVSEEEVL
ETMEMGKSYQALSVDHSIEADSDGSTVTILDIVGSQEDGYERVNQOLMLOSVLHVLSDREKQIIDLTYIQNKSOK
ETGDILGISOMHVSRLORKAVKKLREALIEDPSMELM

MPPLEVMNNEILMHLRALKKTKKDVSLHDPIGODKEGNEISLIDVLKSENEDVIDTIQLNMELEKVKQYIDILDD
REKEVIVGRFGLDLKKEKTQREIAKELGISRSYVSRIEKRALMKMFHEFYRAEKEKRKKAKGK

MELRDLDLNLLVVENQLLVDRRVSITAENLGLTQPAVSNALKRLRTSLODPLFVRTHOGMEPTPYAAHLAEPVTS
AMHALRNALQHHESFDPLTSERTFTLAMTDIGEIYFMPRLMDVLAHQAPNCVISTVRDSSMSLMOALONGTVDLA
VGLLPNLOTGFFOQRRLLONHYVCLCRKDHPVTREPLTLERFCSYGHVRVIAAGTGHGEVDTYMTRVGIRRDIRLE
VPHFAAVGHILORTDLLATVPIRLADCCVEPFGLSALPHPVVLPEIAINMEFWHAKYHKDLANIWLRQLMEDLETD

MNAYTVSRLALDAGVSVHIVRDYLLRGLLRPVACTTGGYGLEFDDAALQRLCFVRAAFEAGIGLGALARLCRALDA
ANCDETAAQLAVLRQFVERRREALANLEVQLAAMPTAPAQHAESLP



2. Remove one segment from alignment

Select a sequence “X” at random from among the input sequences, and
remove its segment from the multiple alignment:

VRVYTNLVDMLAKKY
ALMKMFHEFYRAEKE
TDIGEIYFMPRLMDV
LAVLROFVERRREAL
PSPLYPWMRSQFGKC
DDTATIRTVLNQALSR
OWERGDSEPTGKNLF
YHHIKKEKSPKGKSS
RIESALLNKIAMLGT




3. Construct a profile from the remaining alignment

VRVYTNLVDMLAKKY
ALMKMFHEFYRAEKE
Multiple alignment: TDIGEIYFMPRLMDV
LAVLROFVERRREAL

Log-odd scores:
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4. Calculate relative likelihoods at all positions, and sample

Sequence X:
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Sample a random position from sequence X, weighted by normalized likelihoods.
Add the segment at this position to the multiple local alignment.

If this new alignment is better than any so far seen, remember it.

If there has been no improvement in the last I iterations, stop.

Otherwise, return to step 2, and remove a new segment.



Why Does the Algorithm Work?

When no common pattern 1s represented in the multiple
alignment, the positions in sequence X to be sampled have
roughly equal likelihoods, so the algorithm performs a random
walk through the solution space.

Once a single segment 1s chosen that 1s similar to segments
found 1n most or all sequences, these other segments are
slightly favored, and a second related segment may well be
sampled.

As more related segments are found, the process accelerates,
converging on a locally optimal solution. If there are no other
good local optima, this solution has a good chance or being the
global optimum.
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The Evolving Multiple Alignment

MTOFSKTTELTEDEY
MFPLFYMMMET LMHL
WWFNOLLWDRENSIT
W F ONRERMEWEKENKT
SGTCKELWARALRDY
RIRYERKNLEHTORS
ALDACYSWHIWVRDYL
QLMGODWNDLYELWL
LEIYHHIKKEKSFEG
SUISEWREDWIPEF
GEVAVLIKDEEGKEM
TINADCSWYAEEVKFR
EIVTAGALKYQENAY
OLLLERMEATINESLH
DLSCKMENLEQOMME,
GOLDSY TRAANAWFM
TELAWPCMNYEQLENT
ETAATMEDWALKAKY
FRZASHYLLSDOKSE
YHNEOQKERDAIEGLI
RLLOLSOGOAWKGND
TEFTEKOYETLEMNGL
SNSLKAARVELRORL
AFVEFNCAALFDMNLL
EQLMEREKOIMELRF
EDKISGTRSERPOLE
TIHOFKDSLGETARN
FIGCEDEFGRADIRE
ARQOEVFDLIRDHIS
EDEELAELAKKWARL

1 iteration

SKTTKLTRDEVDRLI
FUMNMETLMHLRALK
QLLWDRREWSITAEML
EYLTRRRRIEIAHAL
KELWARALHDY GREE
REREENLEHTORSLAKA
CWSWHIVRDYLLRGL
QOWNDLYELWLAEVE
HHIKKEKSFROKSST
FIKEDWIPEFSMLLA
VLIKDEEGKEMILSY
QTKTARDLOWY Q=AT
AGALKYQENAYROAA
RRMEAINESLHFEMD
QOMILLLSKENAEER
Y IRAANAWFMLZAD
RLAEHFLOTAARELG
TMEDOVALKAKWSTAT
LVEEKRRAAKLAATL
QKERQATEQLIRHRC
AMLWANDOMAL GAME
KMERALLDALATEML
KAAFYVELROWLEEWL
FMCAALFDMLLESEL
EREKOIMELRFGLWG
a0TKSERFCLEELLE
FEDSLGETAFNMLLD
EDEFGRADIREVAFA
EVFDLIRDHISOTCM
LAELARKWAHLLTEE

10 iterations

QISOMHVSRLORKAY
LISREYVWSRIEKRAL
TWRDS5MSLMOALGN
GYPOQQQQAQ00PSQ
ELDAGALERLEOHRRK
FESEQDTQLAEMRAR
WLROFYERRREALAN
FLEDSVEQALKNYFA
FIMESMLTRWEQHTL
CWDESOTSRWERDWT
RIAGOTLLNLAKOPDA
CWYOSATNKATHAGR
GISDAAVSOWREVIF
LLEOLLLRRMEAINE
MLROOMMELMSGEIE
FWROLERNAMERLEA
MLPOSWATLLCOWAD
EMSOATENEVERAAR
LLSDOKSRELWEEKRR
KEROAIEQLIRHRCA
ALADSLMOLAROVSE
WLEDOEROWAKEERE
T SAAMAEQRHOEWLE.
LSRATEASKTLOEWL
GISOSYISRLEKRIT
MERELIVERTEAGLE
FEFESGYRAMOOILS
Foas50YELAROMLA
HISOTCMPFTRAETLA
CIMESOISRWHGDFI

480 iterations

ETCDILGISOMAY SR
EIAKELCISRSYY SR
ITAEMLGLTOPAVEN
EIARALCLTERQIKI
FAADLLGLMRENTLREE
SLAKALEISHWSY =0
FAAFEACICLCALAR
FAALMMGIMRCTLREE
EVAKKCCITRLOWEY
KTAEAVCYDRSOISR
EICQIVOCSRETVER
KTARDLOWY OSATNE
AVARALCTSDAAVSD
SWAQHVCLSPSRLEH
DICHYLGLTWETISR
ELADEY CWSAERVEQ
EAARLLCGWGENTLTR
DVALKARWSTATY SR
DAAALLCYSEMTIRR
DVARLAGYSWATY SR
DVAEYACYSYOTY SR
KLAQKLCWEQFTLYIW
ELEMELCAGIATITR
KFAARLLCMTRROWAY
DVADMMGLS05Y ISR
EVATTYDWOWSTLY K
DVAKEAMNYSTTTYSH
DIAIEACYSLATY SR
EIAQRLCFRSPNAAE
EVADALGINESOISR

1680 iterations



Phase Shifts

The Gibbs sampling algorithm may easily converge on a local optimum

that is a “phase-shifted” version of the global optimum. Why?

Optimal solution:
Solution found:

One remedy is to add a separate
“phase-shift sampling step”.

No segments are removed, but
likelihoods are calculated for the
current alignment and several
phase-shifted alternatives. These
alignments are then sampled among.

This can be understood as changing
the topology, of definition of distance,
on the underlying “alignment space.”

SQKETGDILGISQOMHVSRLORKAVKKL
TQRETIAKELGISRSYVSRIEKRAILMKM
RVSTTAENLGLTQPAVSNALKRILRTSL
CFVRAAFEAGIGLGALARLCRAILDAAN
RRIETAHALCLTERQIKIWFQNRRMKW
NQIRAADLLGLNRNTLRKKIRDI,DIQV
TQRSLAKALKISHVSVSQWERGDSEPT
EKEEVAKKCGITPLQVRVWFINKRMRS
GTEKTAEAVGVDKSQISRWKRDWIPKF



Pattern Width

How does one choose pattern width?

Choosing W too small discards available information for locating a pattern,
while choosing W too large adds unnecessary noise. The Gibbs sampling
algorithm, however, should be fairly robust to deviations that are not too far
from the optimal W/

What is a reasonable criterion for optimal pattern width?

It can be difficult to compare multiple alignment scores directly for different
choices of W, especially when all column scores are positive. One criterion
for selecting W is the Minimum Description Length Principle.

For ungapped local multiple alignments, this is equivalent to optimizing the
BILD score along a single high-dimensional diagonal, which can be achieved
using a variation of the Smith-Waterman algorithm.

Employing the criterion of optimal BILD score, W may be modified
dynamically, within a Gibbs sampling program.

Grunwald, P.D. (2007) The Minimum Description Length Principle. MIT Press, Cambridge, MA.

Altschul, S.E,, et al. (2010) "The construction and use of log-odds substitution scores for multiple sequence
alignment." PLoS Comput. Biol. 6:¢1000852.



Close Sequences

If two input sequences are too similar to one another, they can cause each
other to “stick” during the sampling stage. In other words, even when
they are misaligned, the current position in one sequence will cause the
equivalent position in the other sequence to be selected, and vice versa.

Possible remedies

One may remove extra copies of sequences that are too similar to one another
from the input set, and add them back in at a later stage. Paradoxically, this
suggests that the most distantly related sequences should be aligned first.

Alternatively, one may employ a strategy analogous to the “realignment stage”
in MUSCLE. The relative alignment of a set of closely related sequences can
be fixed. Then segments from these sequences can be removed in tandem from
the multiple alignment, and new segments (in their previously-fixed relative
alignment) sampled in one pass.



Several Generalizations of the Problem
Some sequences may be missing the pattern.
Some sequences may have multiple copies of the pattern.

The sequences may contain multiple distinct patterns,
either consistently ordered or in arbitrary order.

The best alignment between the consensus pattern and its
occurrences within the sequences may contain gaps.



